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Optoelectromechanical quantum interfaces can be utilized to connect systems with distinctively
different frequencies in hybrid quantum networks. Here we present a scheme of nonreciprocal quan-
tum state conversion between microwave and optical photons via an optoelectromechanical interface.
By introducing an auxiliary cavity and manipulating the phase differences between the linearized
light-matter couplings, uni-directional state transmission that is immune to mechanical noise can
be achieved. This interface can function as an isolator, a circulator, and a two-way switch that
routes the input state to a designated output channel. We show that under a generalized impedance
matching condition, the state conversion can prevent thermal fluctuations of the mechanical mode
from propagating to the cavity outputs and reach high fidelity. The realization of this scheme is
also discussed.
I. INTRODUCTION
The past decade has witnessed enormous progress in
the study of opto- and electro-mechanical systems in the
quantum limit with experimental milestones such as the
realization of cavity cooling to the mechanical ground
state [1–5]. Mechanical resonators can be coupled to a
broad variety of electronic, atomic, and photonic sys-
tems, ranging from acoustic to optical frequencies [6].
Optoelectromechanical systems can hence serve as an in-
terface to bridge devices with distinctively different fre-
quencies in hybrid quantum networks and advance the
development of scalable quantum processors [7–10]. Bi-
directional state conversion and entanglement generation
between microwave and optical photons have been real-
ized via optoelectromechanical interfaces [11–17]. And
mechanical dark mode that can facilitate high-fidelity
state transfer has been demonstrated [18–20].
Nonreciprocal devices, such as circulators and isola-
tors, are of crucial importance in the realization of noise-
less and lossless quantum networks [21–24]. In these de-
vices, the transmission of information is not symmetric.
For example, quantum states at the input of one mode
can be transmitted to the output of another mode, but
not vice versa. Various effects have been exploited to
implement nonreciprocal devices, including the Faraday
rotation effect in magneto-optical crystals [21, 25, 26],
angular momentum biasing in photonic or acoustic sys-
tems [27–29], optical nonlinearity [30], and the Hall ef-
fect [31]. Nonreciprocity in topological photonic devices
has been implemented by generating effective magnetic
fields and gauge phases with time-modulated parame-
ters [32, 33], and similar approaches have been studied in
quantum information applications [34–36]. Isolators and
circulators have been realized in microwave devices via
parametric pumping of system parameters [24, 37, 38],
and a graphic method was recently developed to facilitate
the design of these devices [39]. In several works [40–42],
opto- and electro-mechanical systems were studied for
uni-directional transmission of photon states. More re-
cently, it was shown that nonreciprocal state conversion
between directly-coupled cavities can be achieved by con-
trolling the relative phases of the couplings in an optome-
chanical system [43]. It has also been demonstrated that
nonreciprocal state conversion can be realized via quan-
tum reservoir engineering [44, 45]. In [46], unidirectional
state transfer between microwave and optical photons via
two mechanical resonators was studied; however, noise in
the strongly-damped mechanical resonator can be trans-
mitted to the cavity outputs and propagate to other parts
of the quantum network. In practice, coupling between
subsystems in different frequency ranges could induce se-
rious damage to the quantum coherence of the system.
Hence, despite the previous efforts, it is still challeng-
ing to implement nonreciprocal quantum interface that
connects distinctively different frequencies and is robust
against mechanical noise.
Here we present a scheme of nonreciprocal state con-
version between microwave and optical photons via
an optoelectromechanical quantum interface, where me-
chanical noise can be prevented from propagating into the
cavity outputs. In our system, no direct coupling exists
between the microwave and the optical cavities. Instead,
an auxiliary cavity is used to control the direction of the
state flow. We find that by manipulating the phase differ-
ences and by adjusting the magnitudes of the linearized
couplings to satisfy a generalized impedance matching
condition, nearly perfect nonreciprocal state conversion
can be achieved. The interface can function not only
as an isolator and a circulator, but also as a two-way
switch that routes the input signal as demanded. This
scheme is closely related to the engineering of effective
magnetic flux in photonic and atomic systems [33–35].
During the conversion, thermal fluctuations are largely
confined within the mechanical mode, which ensures high
fidelity for the output state at finite temperature. Our
scheme can be realized with current experimental tech-
nology [12–16], and it provides a practical approach to
achieving nonreciprocal conversion of quantum informa-
tion between microwave and optical frequencies.
This paper is organized as follows. In Sec. II, we
present the model, the Langevin equation, and the trans-
2mission matrix between the input and output operators
of the nonreciprocal interface. We then study state con-
version via this interface at frequency ω = 0 and derive
the optimal condition for high-fidelity state transfer in
Sec. III. The effect of the mechanical noise is also dis-
cussed in this section. In Sec. IV, we analyze the trans-
mission matrix elements at frequency ω and estimate the
halfwidth of the transmission spectrum for high-fidelity
nonreciprocal state conversion. In Sec. V, we study this
system in the weak-coupling limit using the adiabatic
elimination technique. The experimental realization of
this scheme and practical parameters are discussed in
Sec. VI. Conclusions are given in Sec. VII.
II. MODEL
Our system is an optoelectromechanical quantum in-
terface composed of three cavity modes a, c, d and one
mechanical mode b, as illustrated in Fig. 1(a). The aux-
iliary cavity d is introduced to facilitate nonreciprocal
state conversion between cavities a and c, and it is di-
rectly coupled to cavity c. Cavity a has distinctively
different frequency from that of c and d, e.g., a can be
a microwave resonator and c, d are optical cavities, or
vice versa. A direct coupling between a superconduct-
ing microwave resonator and an optical cavity can excite
quasiparticles in the superconductor, which destroys the
coherence of the microwave resonator [9]. In our setup,
no direct coupling exists between a and cavities c, d. All
three cavities are coupled to the mechanical resonator via
radiation-pressure interaction [47]. By applying strong
driving on the cavities, as shown in Fig. 1(b), the light-
matter interaction can be linearized and the total Hamil-
tonian becomes Hˆt = Hˆ0 + Hˆint in the rotating frame
of the driving fields [48]. The uncoupled Hamiltonian is
(~ = 1)
Hˆ0 =
∑
α
(−∆α) αˆ†αˆ+ ωmbˆ†bˆ, (1)
where αˆ (bˆ) is the annihilation operator of cavity mode α
with α = a, c, d (mechanical mode), ∆α is the detuning of
the cavity under the driving field, and ωm is the frequency
of the mechanical mode. We choose −∆α = ωm ≫ |Gα|
with Gα being the linearized coupling between cavity α
and mechanical mode b. The magnitude and phase of
Gα can be controlled by adjusting the driving field. Here
the driving fields are assumed to be in the linear regime,
where the nonlinear terms in radiation-pressure interac-
tion are negligible. Under the rotating-wave approxima-
tion, the fast-oscillating counter-rotating terms in the in-
teraction can be omitted and the interaction Hamiltonian
is simplified as
Hˆint =
∑
α
(
Gααˆ
†bˆ+G⋆αbˆ
†αˆ
)
+Gx
(
cˆ†dˆ+ dˆ†cˆ
)
, (2)
where Gx is the photon hopping between cavities c and
d [49]. Details of the derivation of this Hamiltonian are
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FIG. 1. (a) Schematic of a nonreciprocal optoelectromechani-
cal interface with cavity modes a, c, d and mechanical mode b.
The thick bars indicate the couplings Gα (α = a, c, d) and Gx.
The solid (dashed) arrows correspond to transmission matrix
elements of order 1 (
√
γm/Γα). (b) Driving frequencies in-
dicated by vertical arrows together with their corresponding
cavity resonances ωα and detunings ∆α.
given in Appendix A. The Gα and G
⋆
α terms in (2) gener-
ate beam-splitter operations that are essential to cavity
cooling and quantum state conversion.
The cavities have damping rates κα, which are assumed
to be due to external dissipation only, with the cavity in-
put fields αˆin(t). Similarly, the mechanical mode has
damping rate γm with the mechanical input operator
bˆin(t) satisfying 〈bˆ†in(t)bˆin(t′)〉 = nthδ(t−t′), where nth is
the thermal phonon occupation number at finite temper-
ature. In Appendix B, we show that this system always
satisfies the stability criterion [50].
We define a vector vˆ = [aˆ, bˆ, cˆ, dˆ]T in terms of the an-
nihilation operators of the system modes. The Langevin
equation of vˆ in the interaction picture of Hamiltonian
Hˆ0 can be written as
idvˆ/dt =Mvˆ + i
√
Kvˆin (3)
with the matrix
M =


−iκa/2 Ga 0 0
G⋆a −iγm/2 Gc Gd
0 G⋆c −iκc/2 Gx
0 G⋆d Gx −iκd/2

 , (4)
the diagonal matrix K = Diag[κa, γm, κc, κd], and the
input vector vˆin = [aˆin, bˆin, cˆin, dˆin]
T [19]. For the out-
put fields, we let vˆout = [aˆout, bˆout, cˆout, dˆout]
T. Following
3the convention in [19] and using the input-output theo-
rem [51], we have vˆout = vˆin −
√
Kvˆ. The output states
can then be obtained. In (4), the Langevin equation of
the annihilation operators is decoupled from that of the
creation operators, as the interaction Hamiltonian (2)
only contains beam-splitter operations. The Langevin
equation of the creation operators is
idvˆ†dt = −vˆ†M † + ivˆ†in
√
K, (5)
where vˆ† = [aˆ†, bˆ†, cˆ†, dˆ†] and vˆ†in = [aˆ
†
in, bˆ
†
in, cˆ
†
in, dˆ
†
in].
Using the transformation oˆ(t) =
∫
dωe−iωtoˆ(ω)/2π for
an arbitrary operator oˆ, Eq. (3) can be converted to the
frequency domain with vˆ(ω) = i(ωI −M)−1√Kvˆin(ω),
where I is the 4 × 4 identity matrix. With the input-
output theorem [51], we derive vˆout = T (ω)vˆin, where
T (ω) = I − i
√
K(ωI −M)−1
√
K. (6)
is the transmission matrix of this interface. It can be
shown that T (ω) is a unitary matrix.
III. NONRECIPROCAL STATE CONVERSION
Without loss of generality, we assume that the cou-
plings Ga,c,x are positive numbers and Gd carries a non-
trivial phase. In this section, we consider the state con-
version of an input field in resonance with the cavity fre-
quency, i.e., ω = 0 in the interaction picture. To achieve
nonreciprocity, it requires that the transmission matrix
element T13 describing state conversion from c to a be
zero and T31 describing state conversion from a to c ap-
proach unity. With (6), we find
T13
T31
=
Gc − 2iGdGx/κd
Gc − 2iG∗dGx/κd
. (7)
The nonreciprocal conditions are Gd = e
−iπ/2|Gd| with a
nontrivial phase (−π/2) and |Gd| = Gcκd/2Gx. The dis-
appearance of T13 results from the destructive quantum
interference between two possible paths for the state con-
version. In one path, the input state of cavity c is trans-
ferred to the output of cavity a along c → b → a with a
transmission amplitude proportional to Gc. In the other
path, the state transfer is facilitated by the coupling Gx
and is along c → d → b → a with an amplitude propor-
tional to −2iGdGx/iκd. By choosing a (−π/2) phase for
Gd, the amplitudes of these two paths cancel each other.
In contrast, the two paths for the state conversion from
a to c have transmission amplitudes proportional to Gc
and −2iG⋆dGx/iκd, respectively. Because G⋆d = −Gd, the
two paths interfere constructively to enhance the matrix
element T31. The coupling Gx together with the cou-
pling Gd provides an indirect route for state conversion
between modes a and c that interferes with the direct
transmission between a and c via the coupling Gc. This
interference is crucial for achieving nonreciprocity.
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FIG. 2. The transmission matrix element T31 vs the coupling
Gc under the impedance matching condition G
2
c/κc = G
2
d/κd
and the nonreciprocal conditions. Here κa,c,d/2pi = 5MHz
and Ga/2pi = (1, 5)MHz. The solid, dashed, and dotted
curves correspond to γm/2pi = (0.005, 1, 2)MHz, respectively.
To prevent loss of the input photon to other modes in
the interface, it requires that |Ti1/T31| ≪ 1 (i = 1, 2, 4).
By choosing Gx = (
√
κcκd)/2, we have |T41/T31| =
0. Together with the nonreciprocal condition discussed
above, |Gd| = Gc
√
κd/κc, which is equivalent to the
impedance matching condition G2c/κc = G
2
d/κd between
cavities c and d [18, 19]. At weak mechanical damping
γm ≪ 4G2c/κc, |T21/T31| =
√
κcγm/2Gc ≪ 1.
Under the above nonreciprocal and low-loss conditions,
it can be obtained that
T31 =
8GcGa
√
κaκc
4G2aκc + 4G
2
cκa + κaκcγm
. (8)
In Fig. 2, we plot this transmission matrix element as a
function of the coupling constant Gc at various Ga and
γm values. Here we choose the cavity damping rates to
be κa,c/2π = 5MHz. Practical parameters of the damp-
ing rates and the coupling constants will be discussed
in Sec. VI. It can be shown that for given values of Ga
and γm, maximum transmission can be reached at the
optimal value of Gc =
√
γ˜mκc/2 with γ˜m = Γa + γm,
where Γα = 4G
2
α/κα for each cavity mode. In the weak-
coupling limit withGα ≪ κα, Γα corresponds to the cool-
ing rate that cavity α exerts on the mechanical mode [1].
At the optimal coupling, the transmission matrix element
can be written as T31 =
√
Γa/γ˜m. The transmission can
hence be enhanced by increasing the power of the driv-
ing fields. With γm ≪ Γa, the maximum transmission
T31 ≈ 1 − γm/2Γa, and high-fidelity nonreciprocal state
conversion can be achieved. Furthermore, this optimal
condition is equivalent to Γa ≈ Γc = Γd, which is a gen-
eralized impedance matching condition for these three
cavities.
The optimal condition also ensures that the output
state is robust against mechanical noise and unwanted
photon fields from other cavities. With T31 → 1,
|T3j/T31| → 0 (j = 2, 3, 4), as the transmission matrix
4is unitary. The full transmission matrix is
T =


−γm/Γa i
√
γm/Γa 0 −i(1− γm/2Γa)
i
√
γm/Γa 1− γm/Γa 0
√
γm/Γa
1− γm/2Γa i
√
γm/Γa 0 0
0 0 i 0

 ,
(9)
where we only keep the lowest order (γm/Γa) term in
each matrix element. Using this matrix, the output of
cavity c can be written as
cˆout = (1 − γm/2Γa)aˆin + i
√
γm/Γabˆin, (10)
which is dominated by the input field aˆin. The contribu-
tion of the mechanical noise bˆin is suppressed by a factor√
γm/Γa, which makes it possible to achieve high-fidelity
nonreciprocal state conversion at finite temperature. The
output field of cavity a is
aˆout = i
√
γm/Γabˆin − i(1− γm/2Γa)dˆin, (11)
where we omit the small term (−γm/Γa)aˆin. This output
field contains no contribution from the input field cˆin,
clearly demonstrating the nonreciprocity of this scheme.
Instead, it is dominated by the input field dˆin with the
mechanical noise suppressed by the factor
√
γm/Γa. For
the output field of cavity d, dˆout = icˆin, i.e., the input
of cavity c is fully transferred to the output of cavity d.
Meanwhile, the mechanical output bˆout ≈ bˆin to leading
order with the mechanical noise mainly confined in the
mechanical mode.
For an input field at the single-photon level, it re-
quires that the cooperativity Γa/γmnth > 1 for the state
conversion to be robust against thermal fluctuations.
With practical parameters [3–5], γm/Γa ∼ 10−6 can be
reached. High-fidelity state conversion is hence possible
for nth < 10
6. It also shows that the mechanical noise
transferred to the cavities can be suppressed by three or-
ders of magnitude and will not spread significantly to the
cavity modes.
This optoeletromechanical interface functions as a cir-
culator under the optimal condition. Quantum states are
transmitted with high fidelity along the route a → c →
d→ a [22]. Meanwhile, by flipping the phase of the cou-
pling Gd from (−π/2) to π/2, i.e., Gd = eiπ/2|Gd|, the
cavity inputs are transmitted coherently along the oppo-
site direction c → a → d → c, which can be illustrated
by reversing the directions of all the arrows in Fig. 1(a)
and simultaneously changing the labels from Tij to Tji.
Furthermore, this interface can be utilized as a two-way
switch. By selecting the phase of Gd as (−π/2) (or as
π/2), the input state aˆin can be routed to the output of
cavity c (or d) on-demand. The auxiliary cavity d plays
an essential role in this scheme. Without cavity d, this in-
terface is a standard three-mode system with cavities a, c
coupled to mechanical mode b [11–16], where T13 ≡ T31
for input fields at arbitrary frequency and state conver-
sion is always symmetric [19].
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FIG. 3. The transmission matrix elements (a) |T31| and (b)
|T13| vs the frequency of the input field ω under the opti-
mal transmission conditions. Here κa,c,d/2pi = 5MHz and
γm/2pi = 0.005MHz. The solid, dashed, and dotted curves
are for Ga/2pi = (1, 5, 10)MHz, respectively.
IV. CONVERSION HALFWIDTH
With Eq. (6), we study the frequency dependence of
the nonreciprocal state conversion. In Fig. 3(a), the
matrix element |T31| is plotted versus the frequency of
the input field aˆin under the optimal condition. Here
ω = 0 corresponds to the resonant frequency of the re-
spective cavities. It can be seen that |T31| has a finite
halfwidth near ω = 0. Assume that the cavity damp-
ing rates κα are all of the same order of magnitude and
the couplings Gα are all of the same order of magni-
tude. To the first order of ω, the denominator of T31 is
−4ΓαO(κ3α) + 4i[O(κ3α) + ΓαO(κ2α)]ω. With this expres-
sion, we find that the halfwidth of the transmission spec-
trum ∆ω ∼ min(Γα, κα). For |Gα| < κα/2, ∆ω ∼ Γα;
and for |Gα| > κα/2, ∆ω ∼ κα. This analysis reveals
that the halfwidth of the transmission spectrum is upper-
bounded by the damping rates of the cavities.
For |Gα| > κα, two side peaks appear in the trans-
mission spectrum. At the position of these side peaks,
|T13| for state conversion from c to a also becomes sig-
nificant, as shown in Fig. 3(b). The state conversion at
these frequencies is hence not unidirectional. In contrast,
near ω = 0, |T13| approaches zero with a finite halfwidth,
which ensures that the input field of cavity c is prevented
from entering cavity a.
V. WEAK-COUPLING LIMIT
In the weak-coupling limit of |Ga| ≪ κa, we can apply
the adiabatic elimination technique to study this system.
We set daˆ/dt = 0 in the Langevin equation of operator aˆ
5and derive [11]
aˆ =
(
−2iGabˆ+ 2√κaaˆin
)
/κa. (12)
Substituting (12) into the Langevin equation of operator
bˆ, we have
idbˆ/dt = −i(γ˜m/2)bˆ+Gccˆ+Gddˆ+ i
√
γ˜mbˆ
′
in (13)
with bˆ′in =
√
γm/γ˜mbˆin−i
√
Γa/γ˜maˆin being the effective
input operator of the mechanical mode and γ˜m being the
effective damping rate of the mechanical mode. Under
the condition Γa/γmnth ≫ 1, bˆ′in ≈ −iaˆin. With (13),
we find that modes b, c, d form a closed loop. High-fidelity
nonreciprocal state conversion from bˆ′in to the output cˆout
can be achieved under the optimal condition derived in
Sec. III. The loop also acts like a circulator for the input
states of these three modes. This result agrees with the
exact solution in Sec. III.
VI. REALIZATION
Optoelectromechanical interfaces that connect mi-
crowave and optical systems have been realized in several
experiments [11–17]. Such an interface usually includes a
microwave cavity or field, an optical cavity or field, and
a mechanical resonator. To implement our scheme, an
auxiliary cavity coupled to either the microwave or the
optical cavity with time-dependent interaction needs to
be added to the interface [49]. When c, d are microwave
cavities, their interaction can be generated by coupling
both cavities to an inductive loop [52]. By modulating
the magnetic flux in the loop, the interaction in (A1) can
be realized with its magnitude reaching 1 − 100MHz.
When c, d are optical cavities, time-dependent coupling
can be generated by connecting the cavities to other cav-
ity modes or waveguides [33, 53, 54]. For cavities in both
microwave and optical regimes, time-dependent interac-
tion can also be generated by coupling the cavities to a
quantum two-level system with tunable energy splitting,
such as qubit and defect [55, 56].
For practical parameters, consider a mechanical mode
with frequency ωm/2π = 100MHz and γm/2π = 100Hz
(quality factor Qm = 10
6). For both microwave and opti-
cal cavities, the damping rate can be κα/2π = 1−10MHz
and the coupling strength Gα/2π can reach a few tens of
MHz [3–5]. Assume, e.g., κα/2π = 5MHz. Our scheme
requires that Gx/2π = 2.5MHz. With |Gα|/2π = 5MHz,
the cooling rate is Γα/2π = 20MHz, and Γα/γm =
2× 105.
In the previous sections, we neglect the effect of intrin-
sic cavity dissipation on the state conversion. In practice,
cavity damping rate is a sum of the external damping rate
κextα , which describes the coupling between a cavity and
its output channels, and the intrinsic damping rate κinα ,
which describes the dissipation of cavity photons in inter-
nal channels, with κα = κ
ext
α + κ
in
α . For a finite intrinsic
damping rate, the input field aˆin transmitted to the out-
put field cˆout is reduced to be
√
κexta κ
ext
c /κaκcT31aˆin [11].
Meanwhile, the output field cˆout includes small contribu-
tion from the internal noise terms, such as aˆ
(n)
in of cavity
a. Both effects will decrease the fidelity of the state con-
version [11].
VII. CONCLUSIONS
To conclude, we present an optoelectromechanical
quantum interface for nonreciprocal state conversion be-
tween microwave and optical photons without direct cou-
pling between the microwave and the optical cavities.
By introducing an auxiliary cavity and manipulating the
phase differences between the couplings, nearly perfect
nonreciprocal state conversion can be achieved. The ef-
fect of the mechanical noise is strongly suppressed un-
der the impedance matching condition, and single-photon
level state conversion with high fidelity is possible at fi-
nite temperature. This interface can serve as an isola-
tor, a circulator, and a two-way switch for input photon
states. Our scheme can be used to realize nonreciprocal
transmission of quantum information in hybrid quantum
networks involving distinctively different frequencies.
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Appendix A: Hamiltonian in the rotating frame
The original Hamiltonian of the optoelectromechanical
interface in Fig. 1(a) can be written as (~ = 1)
Hˆ ′t =
∑
α
ωααˆ
†αˆ+G′ααˆ
†αˆ(bˆ+ bˆ†) + ωmbˆ
†bˆ
+
∑
α
[
ǫα(t)αˆ
† + ǫ⋆α(t)αˆ
]
+G′x(t)(cˆ+ cˆ
†)(dˆ + dˆ†), (A1)
where ωα is the frequency of cavity mode αˆ (α = a, c, d),
G′α is the single-photon opto- and electro-mechanical cou-
pling between cavity α and mechanical mode b, ǫα(t) is
the time-dependent driving amplitude on cavity α, and
G′x(t) is the time-dependent coupling between cavities c
and d. The driving frequency ωαd for cavity α is below
the resonant frequency ωα of the respective cavity mode.
By applying strong driving to the cavities, the opto- and
electro-mechanical couplings can be linearized. In the
rotating frame of the driving fields, the Hamiltonian has
6the form
Hˆt =
∑
α
(−∆α)αˆ†αˆ+ (Gααˆ† +G⋆ααˆ)(bˆ + bˆ†) + ωmbˆ†bˆ
+G′x(t)(e
iωc
d
tcˆ† + e−iω
c
d
tcˆ)(eiω
d
d
tdˆ† + e−iω
d
d
tdˆ),(A2)
where ∆α = ω
α
d − ωα − δωα is the detuning of cavity α,
δωα is the small shift of the cavity resonance due to the
stationary mechanical displacement, and Gα is the lin-
earized coupling between cavity mode α and mechanical
mode b.
Let the detuning of cavity α be −∆α = ωm and the
time-dependent coupling be G′x = 2Gx cos(ωc−ωd)t. Un-
der the assumption that ωα, ω
α
d , |∆α|, ωm ≫ Gα, Gx, we
apply the rotating-wave approximation and neglect the
fast-oscillating terms in (A2). The rotating-frame Hamil-
tonian then becomes Hˆt = Hˆ0 + Hˆint with Hˆ0 and Hˆint
given by (1) and (2), respectively.
Appendix B: Stability
The stability of this nonreciprocal quantum interface
can be determined from the eigenvalues of the matrix
(−iM) with M given by (4). Based on the Routh-
Hurwitz criterion, this system is stable when the real
parts of all four eigenvalues of (−iM) are negative [50].
It can be shown that the eigenvalues satisfy the follow-
ing equation:
λ4 + s3λ
3 + s2λ
2 + s1λ+ s0 = 0. (B1)
The coefficients si (i = 0, 1, 2, 3) can be derived as
s3 = (γm + κa + κc + κd) /2, (B2)
s2 = [κaκc + κaκd + κcκd + γm(κa + κc + κd)] /4
+
(
G2a +G
2
c + |Gd|2 +G2x
)
, (B3)
s1 = G
2
a(κc + κd)/2 +G
2
c(κa + κd)/2
+|Gd|2(κa + κc)/2 +G2x(κa + γm)/2
+ [κaκcκd + (κaκc + κcκd + κaκd)γm] /8, (B4)
s0 =
(
G2aκcκd +G
2
cκaκd + |Gd|2κaκc +G2xγmκa
)
/4
+G2aG
2
x + γmκaκcκd/16. (B5)
The conditions for stability include: (1) all si > 0, (2)
s3s2 − s1 > 0, and (3) s3s2s1 − s21 − s0s23 > 0 [50]. All
three conditions are fulfilled in our system with arbitrary
parameters.
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